Abstract. Hilbert space fusion frames are a natural extension of Hilbert space frames, extending the notion from a set of vectors in a Hilbert space to a set of subspaces of a Hilbert space with analogous notions of overcompleteness and boundedness. As tight frames are a very important topic within standard frame theory, tight fusion frames are similarly important; however, only trivial examples of tight fusion frames are hitherto known. In this paper, we apply ideas from Gabor analysis to demonstrate a non-trivial construction of tight fusion frames by using the fact that a fusion frame for a finite dimensional Hilbert space H with M subspaces is a frame for the finite dimensional Hilbert space H M . We then use this construction to further show their applicability in some cases for the retrieval of signals modulo phase.
Introduction
Fusion frame theory has recently garnered great interest among researchers who work in signal processing. Fusion frames extend the notion of a frame (i.e., an overcomplete set of vectors) within a Hilbert space H to a collection of subspaces {W i } i∈I (with orthogonal projections {P i } i∈I ) in H. This concept was originally introduced by Kutyniok and Casazza in [10] .
A tight fusion frame is one such that we have the identity i∈I P i = CI N ×N , i.e., the sum of the projections is a multiple of the identity. Such tight fusion frames are of interest for two reasons. First, they guarantee a very simple reconstruction of a signal; and second, tight fusion frames are robust against noise [8] and also remain robust against a one-erasure subspace when the rank of projections are equal to each other [17] .
On the other hand, phaseless reconstruction is a field that has gathered interest in the mathematical community in the last decade. Phaseless reconstruction (or equivalently, phase retrieval) is defined as the recovery of a signal modulo phase from the absolute values of fusion frame measurement coefficients arising from a fusion frame. This is known to have applications to a disparate array of other scientific and applied disciplines, including X-ray crystallography [12] , speech recognition [5, 18, 20] , and quantum state tomography [19] , where the recorded phase information of a signal is lost or distorted.
In the case of phase retrieval, the signal must be recovered from coefficients of dimension higher than one. Here, in the context of fusion frames, the problem is to recover x ∈ H M "up to phase" from the measurements { P i x } N i=1 . In this paper we demonstrate a new method for the construction of tight fusion frames. There are hithero few examples of tight fusion frames except trivial ones made up of orthogonal subspaces, so we believe this is a relevant and interesting advance. Moreover, there are few examples of phase retrieval fusion frames. In this paper, we present a condition that makes this structure allow phase retrieval.
This article is organized as follows: Section 2 starts with preliminaries about tight fusion frames and phase retrievability of fusion frames. Section 3 is devoted to a brief summary of Gabor frames which is used to construct the tight fusion frames. In section 4, we explain our method to construct tight fusion frames. Section 5 focuses on finding conditions that makes our tight fusion frame allow phase retrieval, and our conclusion is in section 6.
Preliminaries And Notation
A fusion frame is defined as follows: Definition 2.1. Consider a Hilbert space H, with a collection of subspaces {W i } i∈I and an associated set of positive weights {ν i } i∈I . We likewise denote the associated orthogonal projections P i : H → W i . Then we call {W i } i∈I a fusion frame if there are positive constants 0 < A ≤ B < ∞ such that for any x ∈ H we have the following:
A tight fusion frame is a fusion frame as in 2.1 where A = B for all i ∈ I. That is to say, we have the following for any x ∈ H:
Or, equivalently:
Now, consider an orthonormal basis for the range of P i , that is {e i,ℓ } n i=1 . We know that:
x, e i,ℓ e i,ℓ for all x ∈ C N . Summing these equations over i = 1, · · · , N together
x, e i,ℓ e i,ℓ
One can recover the signal modulo phase from fusion frame measurements. In this senario, consider we are given subspaces {W i } N i=1 of M -dimensional Hilbert space H M and orthogonal projections P i : H M → W i . We want to recover any x ∈ H M (up to a global phase factor) from the fusion frame measurements
. To fix notation, denote T = {c ∈ C; |c| = 1}. The measurement process is then given by the map:
We say {W i } N i=1 allows phaseless reconstruction or allows phase retrieval if A is injective; we call a frame (or fusion frame) with this property a phase retrieval frame. In the case where dim W i = 1 for i = 1, · · · , N , the problem will be referred to as the classical phaseless reconstruction problem. In section 4, we will provide a novel structure of tight fusion frames where under particular conditions, will allow phaseless reconstruction.
Gabor Frames For C N
In this section, we provide a brief summary of Gabor frames which is used to construct our tight fusion frames. We index the components of a vector x ∈ C N by {0, 1, · · · , N − 1}, i.e., the cyclic group Z N . We will write x (k) instead of x k to avoid algebraic operations on indices.
The discrete Fourier transform is basic in Gabor analysis and is defined as
The most important properties of the Fourier transform are the Fourier inversion formula and the Parseval formula [9] . The inversion formula shows that any x can be written as a linear combination of harmonics. This means the normalized harmonics
form an orthonormal basis of C N and hence we have
Moreover, the Parseval formula states
which results in
where |x (n) | 2 quantifies the energy of the signal x at time n, and the Fourier coefficientsx (m) indicates that the harmonic e 2πim (.)
Gabor analysis concerns the interplay of the Fourier transform, translation operators, and modulation operators. The cyclic translation operator T :
The translation T k is given by
The operator T k alters the position of the entries of x. Note that n − k is achieved modulo N . The modulation operator M ℓ : C N → C N is given by
Modulation operators are implemented as the pointwise product of the vector with harmonics e −2πiℓ
. N . Translation and modulation operators are referred to as time-shift and frequency shift operators. The time-frequency shift operator π (k, ℓ) is the combination of translation operators and modulation operators:
Hence, the short time-Fourier transform V φ : C N → C N ×N with respect to the window φ ∈ C N can be written as
The short time-Fourier transform generally uses a window function φ, supported at neighborhood of zero that is translated by k. Hence, the pointwise product with
x selects a portion of x centered at k, and this portion is analyzed using a Fourier transform. The inversion formula for the short time-Fourier transform is [9] x (n) = 1
So it can be easily seen that for all φ = 0, the system is a N φ 2 tight Gabor frame.
Gabor Fusion Frame For C N
In this section, we show our method to construct Gabor tight fusion frames. In fact, we show that Gabor fusion frame for C N is a Gabor frame for C N ×N where the signal is coming from the subspce C N ⊂ C N ×N . The key idea is to start with a general approach for the construction of tight fusion frames, which has certain conditions that must be satisfied. We then show that these conditions are indeed satisfied using methods from the Gabor frame theory.
We begin by showing the following proposition, which is the generalization of our approach with certain conditions:
within the finite dimensional Hilbert space C N , and denote
is a B-tight frame for W i 0 and also a set of coisometry operators
is a tight fusion frame.
Hence we have, for any x ∈ C N :
where P i is the orthogonal projection on W i . The equality holds since
In the following, we explain the method to construct tight fusion frame based on the Theorem 4.1 and Gabor frames on finite dimensional signals [9] .
To do this, every subspace W can be modeled by a matrix whose rows are an orthonormal basis for W . On the other hand, every subspace of dimension M can be represented by a matrix N × N whose first M rows are an orthonormal basis for W , since C N ×M can be embeded in C N ×N . For example if the subspace W is generated by {e 1 , · · · , e M }, then, the matrix associated to this subspace is as follows: X, Y = XY * According to the notions above, if the subspaces W i of a fusion frame is denoted by a matrices X i , then the fusion frame
is a frame for C N ×N , where x ∈ C N ⊂ C N ×N . This view point help us to extend several notions and theorems about frame theory to fusion frame theory. For example, the Gabor fusion frame is defined in the following way.
The translation and modulation operators for the space of complex valued square matrix of dimension N are defined as follows: Consider l ∈ Z N . The translation operatorT ℓ : C N ×N → C N ×N is defined as follows:
In fact the translation operatorT ℓ alters the position of each row of the matrix X. The modulation operatorM ℓ :
Modulation operators are implemented as the pointwise product of each row of the matrix X with harmonics e −2πil
. N . The translation and modulation operator on C N ×N are unitary operators and the following properties can be concluded
The circular convolution of two spaces X, Y ∈ C N ×N is defined by the convolution of functions, which defined on the space Z N × Z N or can be written as:
Hence, ifX = (x, 0, · · · , 0), the convolution ofX and Y is given bỹ
Moreover, the circular involution or circular adjoint of X ∈ C N ×N is given by
. Note that the complex linear space C N ×N equipped with ℓ 1 -norm, the circular convolution and involution defined above is a Banach * -algebra.
The unitary discrete Fourier transform of X ∈ C N ×N is defined bŷ
where x 1 , · · · , x N ∈ C N and the Fourier transform x i is given by
The Fourier transform is a unitary operator on the C N ×N with the Frobenius norm.
In fact, for all X ∈ C N ×N :
X ,X = X, X
We also have the following relationships.
for X, Y ∈ C N ×N and ℓ ∈ Z N . The inverse Fourier formula for X ∈ C N ×N is given by
Translation operators are refered as time shift operators and modulation operators are refered as frequency shift operators. Time-frequency shift operators π (k, l) combines translations by k and modulation by l.
The Gabor Fusion transform V Y of a signal x ∈ C N with respect to the window
is called the Gabor Fusion System which is generated by Y and Λ. A Gabor Fusion System which spans C N is a fusion frame and is referred to as a Gabor Fusion Frame. Next theorem explains the necessary conditions that the set {M ℓTk Y} N,N ℓ=1,k=1 becomes a tight fusion frame. 
tight fusion frame and we have the following equality:
Proof. All that has to be done is to verify that
satisfies the criteria of proposition 4.1. First, for a given value of j, we have that
is a A j = N y j 2 tight frame in C N by the elementary Gabor theory (this can be seen the prior section). It should clear by its nature that the time-frequency shift operator T k M ℓ is a co-isometry for a set k, ℓ, since it was mentioned before T k and M ℓ are both unitary operators for every k, ℓ. Finally, we know by the assumption that {y j } M j=1 is B-tight on its ambient space W 0,0 . Seeing that the conditions for the proposition are satisfied, we have the conclusion that {(W k,ℓ , 1)}
tight fusion frame on C N .
Gabor Fusion Frames and Phaseless Reconstruction
In this section, we are looking for some conditions such that the tight Gabor fusion frame allows phase retrieval. To state these conditions, we provide some theorems should be necessary to explain the main result. The next lemma shows that if we add a vector to a phaseless retrieval frame, the new frame also allows phaseless retrieval.
i=1 , this will also allow phaseless reconstruction.
Proof. Consider that for
i=1 also allows phase retrieval.
The prior lemma is important in the construction of phase retrieval frames. If we have a phase retrieval frame for C N , then we can construct a new frame that also allows phase retrieval by adding a vector to the frame vector set. On the other hand, to show the phase retrievability of a frame, it is enough to show that a subset of the frame vectors that spans the ambient space allows phaseless reconstruction.
Next proposition will state the conditions such that a fusion frame is phase retrieval
be an orthonormal basis for C N . Moreover, for every
is a Parseval frame for the subspace W j generated by these vectors and f ij is the linear sumation of {e i } N i=1 . Suppose that {f ij } M j=1 for every i = 1, · · · , n is a Parseval frame for C N and {W j } M j=1 is a fusion frame and there exists i 0 such that {f i 0 j } M j=1 is a phase retrieval frame for C N . Then {W j } M j=1 is a phase retrieval fusion frame for C N if the matrix S M ×N has a left inverse matrix
Proof. To show that there is an injective mapping from the fusion frame measurements, { P j x 2 2 } M j=1 , to the vector x modulo phase (i.e., the equivalence class {cx : |c| = 1}), we can just show that we can derive the values of the frame measurements {| x, f i 0 j | 2 } M j=0 from the fusion frame measurements. We can see this in the following way:
We denote | x, e i | 2 = ν i for i = 1, · · · , N . On the other hand
is a Parseval frame for C N for every j = 1, · · · , M and f ij is the linear summation of
. Now consider Sν. We will get the following output:
Since S has a left inverse matrix V and {f i 0 j } M j=1 is a phase retrieval frame for C N , we are done.
The Proposition 5.2 has an important role to construct phase retrieval fusion frame based on the phase retrieval frame.
5.1.
A Brief Overview of Circulant Matrices. We will need to review a few key concepts of circulant matrices before we continue to the next section.
Definition 5.3.
A circulant matrix is a matrix of the following form:
Remark 5.4. We denote the j th division of unity as
We will need the following theorem; a proof is given in [16] Theorem 5. 
Construction of Gabor Tight Fusion
Frame. In [6] the conditions on the window function such that the generated Gabor frame allows phase retrieval are given; we now present a method to produce a phase retrieval Gabor fusion frame.
The following theorem demonstrates the relationship of the phase retrievability of the Gabor fusion frames and the phase retrievability of the frame vectors which spans subspaces.
is a Parseval frame for the n-dimensional subspace W 0,0 ⊂ C N spanned by these vectors and f i for i = 1, · · · , n is the linear summation of 
k,ℓ=0 is a phase retrieval frame. Now for ℓ ∈ {0, 1, · · · , N − 1}, consider the vector:
It is trivial that {M ℓ e i } N i=1 is also an orthonormal basis for C N . Moreover, we have: Theorem 5.7 demonstrates the relationship between the phase retrievality of Gabor frame and its associated Gabor fusion frame. In [6] the conditions on the window function such that the generated Gabor frame allows phaseless reconstruction are given. Based on Theorem 5.7, we presented a method to produce phase retrieval Gabor fusion frame.
We shall end with a brief example of a Gabor fusion frame that allows phase retrieval, as an application of the prior theorem:
Example 5.8. Consider the orthogonal unit vectors e 1 = 1 {1,2,4} / √ 3 and e 2 = 1 {3} in the space C 7 . By the Proposition 2.2 in [6] , {T k M l e 1 } 6 k,l=0 is a phase retrieval Gabor frame for C 7 . Suppose that Y k,l = span {T k M l e i } 2 i=1 for k, l = 0, · · · , 6. Since e 1 and e 2 are orthogonal so they are tight frame for the subspace W 0,0 . As a result we fullfill the requirements of the Theorem 5.7 and the Gabor fusion frame {Y k,l } 6 k,l=0 allows phaseless reconstruction.
